Now let a G D and let r > 0 such that r < 1 -\a\. The circle of center a and radius r is denoted by C(a,r). THEOREM 1. For each a G D there is a sequence of real numbers {6n(a)} such that if f G R' and L(f) contains a sequence of distinct points {zk} such that \zk] = r for every k, then L(f) = C(a,r) and r = 6n(a) for some n.
PROOF. The function (1) h
Since {zk} C L(f) we have h(zk) = zk = r /zk for every k.
Hence, by using the identity principle (note that {zk} has an accumulation point s with |s| = r) we get h(z) = r2/z.
An integration on (1) yields f'(z) = cza with c a complex constant and a = 2r2¡ (1 -r2) . Condition / G R! implies 2r2/(l -r2) = n for some n. Consequently, r = (n/(n + 2))1!2 = ¿"(0). Also we have that c = A/rn(l -r2) with |A| = 1. Finally, it is clear that |/'(z)|(l -|z|2) < 1 if \z\ ^ r since the real-valued function g(x) = xn(l -x2)/rn(l -r2), 0 < x < 1, satisfies g(x) < 1 if x ± r. Then f'(z) = Xzn/rn(l-r2) with L(f) = C?(0,r) and r = Sn(0) -6" (shortening). Now let a ^ 0. By using a suitable bilinear transformation i;(z) = e*e(z-p)/(l-zp), |p|<l, and the first part of the proof, we obtain /'(*) = AJnl)]^^) &>r some n, |A| = 1.
A routine calculation gives
and L(f) = C(a,r).
From Theorem 1 and its proof we deduce THEOREM 2 (CIMA AND WOGEN). For each a G D there is a countable family of circles 7" (a) in D such that: (i) /// is in the ball Bq and L(f) contains a circle 7, then 7 = 7n(a) for some (a,n).
(ii) Conversely, given "in(a) there is a function fna in the ball Bo so that L(fna) = ln(a).
